Abstract. In this paper we obtain the classification of p-nilpotent restricted Lie algebras of dimension at most four over a perfect field of characteristic p.
Introduction
In this paper we initiate the classification of small dimensional restricted Lie algebras. Similar classifications for ordinary Lie algebras have a long history. The classification of all nilpotent Lie algebras up to dimension five over any field has been known for a long time. However, in dimension 6, the characterization depends on the underlying field. In 1958 Morozov [6] gave a classification of nilpotent Lie algebras of dimension 6 over a filed of characteristic zero, see also [3, 7, 5] for a classification over other fields. These classifications, however, differ and it was not easy to compare them until recently that de Graaf [2] gave a complete classification over any field of characteristic other than 2. de Graaf's approach can be verified computationally and was later revised and extended to characteristic 2 in [1] . The classification in dimensions more than 6 is still in progress, see for example [9, 10] .
In this paper we give a list of [p]-nilpotent restricted Lie algebras of dimension at most 4 over a perfect field of characteristic p 3. Let L be a Lie algebra over a field F of characteristic p. Recall that L is said to be restrictable if L affords a [p]-map x → x [p] that satisfies the following properties:
(1) (ad a) p = ad a [p] ; (2) (αa)
[p] = α p a [p] ; (3) (a + b)
[p] = a Hence, ϕ 1 and ϕ 2 define isomorphic restricted Lie algebras if and only if there exists A ∈ Aut(L) such that Aϕ 1 A −1 = ϕ 2 ; that is, they are conjugate under the automorphism group of L. In this case we say that the [p]-maps ϕ 1 and ϕ 2 are equivalent. This defines a left action of Aut(L) on the set of [p]-maps and the isomorphism classes of restricted Lie algebras correspond to the Aut(L)-orbits under this action.
Our work is motivated by the isomorphism problem for enveloping algebras of restricted Lie algebras. We are interested in understanding when two non-isomorphic restricted Lie algebras can have isomorphic restricted enveloping algebras and it makes sense to examine the class of [p]-nilpotent restricted Lie algebras. The first step towards this is a classification of such restricted Lie algebras in small dimensions.
The main result
The main theorem of the paper is a classification of [p]-nilpotent restricted Lie algebra with dimension at most 4 over perfect fields F. We use as our starting point, the classification of nilpotent Lie algebras of dimension 4 and classify the possible equivalence classes of [p]-maps on these Lie algebras.
In dimensions 1 and 2, there is a unique isomorphism type of nilpotent Lie algebras. There are two nilpotent Lie algebras of dimension 3, one is abelian and the other one is nilpotent of class 2. There are three nilpotent Lie algebras of dimension 4, one is abelian, one nilpotent of class 2, and one nilpotent of class 3. If p is greater than the nilpotency class, then a [p]-map is semilinear, this is however not always the case in characteristic 3 and 5.
Our main result assumes that the field is perfect. The reason for this is that we often need that the Frobenius automorphism x → x p of F is surjective. If char F = 2, then we denote by K the Artin-Schreier subspace K = {δ + δ 2 | δ ∈ F}. In the descriptions of the algebras in characteristic 3 in (4/3), we use a subspace K β defined as
We note that if 
In cases (a) 
The parameters ξ 1 and ξ 2 represent isomorphic algebras if and only if
Through out the paper, we assume that F is a perfect field of characteristic p and unless otherwise stated p 3. Thus, the Frobenius automorphism of F given by x → x p is invertible and we denote the inverse image of x by x 1/p .
Abelian Lie algebras
In 
Suppose now that L is abelian with dim L = 3 and let {x 1 , x 2 , x 3 } be a basis of L. Since L is [p]-nilpotent, without loss of generality we assume that x
Since dim H = 2, we may assume by the argument of the first paragraph of the section that either x
[p] = 0. In this case, we replace x 2 with −x 1 + x 2 to obtain x [p] 2 = 0. Thus we conclude that, up to isomorphism, the possible [p]-maps on L are as follows: 
The first algeba is isomorphic to one of the algebras above. Thus, up to isomorphism, 3-dimensional abelian [p]-nilpotent restricted Lie algebras are as follows: 
The Heisenberg Lie algebra
Consider the Heisenberg Lie algebra
. Then ϕ can be described by the images of x 1 , x 2 , and x 3 . The fact that (L, ϕ) is [p]-nilpotent implies that x 3 ϕ = 0. Hence ϕ is described by a vector (α, β) where 
and we obtain similarly that
We claim in this case that L must be isomorphic to one of the following algebras.
be a semilinear transformation. Then x 3 ϕ = 0, x 1 ϕ = αx 3 , and x 2 ϕ = βx 3 , for some α, β ∈ F. If α = β = 0 then we have L 
As the characteristic is 2, K is an F 2 -subspace of F. In fact, K is the image of the F 2 -linear map δ → δ + δ 2 whose kernel is F 2 . Hence if F is a finite field, K has co-dimension 1, but this may not be true for other fields. For instance if F is algebraically closed, then the polynomial t 2 + t + α has a root for any α ∈ F and so K = F. The subspace K is often referred to as the Artin-Schreier subspace; see for instance [4, page 70] .
We claim that L is isomorphic to a Lie algebra of the form
is not semilinear. However, since 0 = (ad x 1 ) 2 = ad x [2] 1 and 0 = (ad 
and consider the automorphism A with a 11 = 1, a 12 = 0, a 21 = δ and a 22 = 1. Then (4) gives that ξ 1 + ξ 2 ∈ K as required. If a 12 = 0, then equation (5) gives that ξ 2 + a −2 12 ∈ K. On the other hand, in this case, equation (2) gives that ξ 1 + a −2 12 ∈ K and hence ξ 1 + ξ 2 ∈ K, as claimed.
Restriction maps on L 4,2
Consider the Lie algebra
The automorphism group of L consists of the set of invertible matrices of the form
In particular, Z(L)
[p] 2 = 0. Since the nilpotency class of L is two, a restricted Lie algebra structure on L is given by a semilinear transformation from L to Z(L) whenever p 3. 
Hence, δ = γ = 0 and so x 
which shows that β = 0 and hence x 4 = x 3 . We will consider these three cases separately. 
Suppose first that x

Now
Repeating the calculation for x 2 AϕA −1 , we obtain that 
Hence, the action of the automorphism in (6) on the vector space F 4 can be described by the tensor product 
acting on the tensor product V 1 ⊗ V 2 , where V 1 = V 2 = F 2 . Let us calculate the orbits under this action. We denote the group of matrices of the form (7) by H. Let e 1 , e 2 and f 1 , f 2 be the standard bases of V 1 and V 2 , respectively.
Let W = V 1 ⊗ V 2 and let v ∈ W \ 0. First suppose that v = v 1 ⊗ v 2 with v 1 ∈ V 1 \ 0 and v 2 ∈ V 2 \ 0. Since GL(2, F) is transitive on the non-zero vectors of V 2 , there exists
Let us now consider vectors of the form (α, β) ⊗ (1, 0). If β = 0 we have
We deduce that the group H has three orbits on the set of pure tensors with orbit representatives 0, (1, 0) ⊗ (1, 0) and (0, 1) ⊗ (1, 0).
Let us compute the orbits of H on the set of elements that are not pure tensors. Such an element is of the form e 1 ⊗ v 1 + e 2 ⊗ v 2 with v 1 and v 2 linearly independent. Note that there exists a g p ∈ GL(2, F) that maps
Hence every orbit contains an element of the form αe 1 ⊗ f 1 + e 2 ⊗ f 2 with α ∈ F * . Now
Hence, H has 4 orbits and the representatives of these orbits are 0, (1, 0) ⊗ (1, 0), (0, 1) ⊗ (1, 0), and (1, 0) ⊗ (1, 0) + (0, 1) ⊗ (0, 1). The corresponding restricted Lie algebras are 4 = 0 and char F = 2. In this case we will show that L is isomorphic to one of the following Lie algebras:
Characteristic 2. Let us now assume that x
We claim further that K First assume that L [2] x 3 . In this case L = L 1 ⊕ x 4 where L 1 = x 1 , x 2 , x 3 and the direct sum is interpreted as a direct sum of restricted ideals. Hence L is isomorphic to an algebra of the form K Hence we may assume that L [2] x 3 . Assume that x [2] 1 = α 1 x 3 + β 1 x 4 and that x [2] 2 = α 2 x 3 + β 2 x 4 . Either by swapping x 1 and x 2 or replacing x 1 with x 1 + x 2 , we may assume without loss of generality that x x 3 , we must have β 1 = 0. Then replace x 4 with α 1 x 3 + β 1 x 4 to obtain that L ∼ = K is the only one with L ′ < L [2] . The claim concerning the isomorphisms among the algebras K 1 4,2 (ξ) follows from the fact that if L is such an algebra and I is a one-dimensional ideal, then I Z(L) = x 3 , x 4 , and so L/I is either abelian (if and only if I = x 3 ) or is isomorphic to K 
Odd characteristic. Similar calculations as in Section 5.1 show that
2 ) Thus, in matrix form we have: Since a 13 and a 23 can be chosen freely, (α 1 , α 2 , β 1 , β 2 ) and (α 1 , α 2 , β 3 , β 4 ) are in the same orbit for all β 1 , β 2 , β 3 , β 4 ∈ F. Let (α 1 , α 2 , β 1 , β 2 ) ∈ F 4 . If α 1 = α 2 = 0, then the set of such elements would form a single orbit with orbit representative (0, 0, 0, 0). Supose now that (α 1 , α 2 ) = (0, 0). We may assume without loss of generality that β 1 = β 2 = 0. If 
Characteristic 2.
Suppose now that char F = 2. Suppose that K and ξ are as in Section 4.2. We claim that L is isomorphic to
where ξ ∈ F. Further, K is represented by (α
Note that the quotient L/ x 4 is isomorphic to the Heisenberg Lie algebra and so by Section 4.2, we may assume that (α 1 , α 2 , β 1 , β 2 ) is of the form (1, ξ, β 1 , β 2 ) . Then we use similar arguments as in the case of char F 3 to show that (1, ξ, β 1 , β 2 ) and (1, ξ, 0, 0) are in the same orbit. This shows that our algebra is isomorphic to K 4 4,2 (ξ) with some ξ ∈ F. To prove the claim concerning the isomorphisms among these algebras, notice that x 4 is the unique restricted ideal of K 
As usual, we denote this action of Aut(L) by ̺. As in Section 5.2, the vectors (α 1 , β 1 , α 2 , β 2 ) and (α 3 , β 1 , α 4 , β 2 ) are in the same orbit for all α i , β i . Hence elements of the form (α 1 , 0, α 2 , 0) form a single orbit with representative (0, 0, 0, 0). Suppose now that (β 1 , β 2 ) = (0, 0). Consider the vector (α 1 , β 1 , α 2 , β 2 ). We may assume without loss of generality that
Hence, there are two orbits with representatives (0, 0, 0, 0) and (0, 0, 1, 0), as claimed. The corresponding Lie algebras are
We claim that L is isomorphic to one of the following algebras:
Similarly as in the case of char F 3 we obtain that every Aut(L)-orbit contains a tuple of the form (0, β 1 , 0, β 2 ). Hence we may assume that x ′ , while this is not the case with K 6 4,2 , the two algebras are non-isomorphic.
Restriction maps on L 4,3
The automorphism group of L, with respect to the given basis, consists of the invertible matrices of the form     2 maps x 1 → 0, x 2 → x 4 , x 3 → 0, x 4 → 0. However, this map is not an element of the algebra {ad x | x ∈ L 4,3 }. Hence we may assume that p 3. Then (ad x) p = 0 for all x and we obtain that the codomain of the restriction map is contained in the center. Hence any [p]-map is represented by a vector (α, β, γ) where . As above, we let ̺ denote this action of Aut(L) on F 3 . We need to determine the orbits of vectors (α, β, γ) ∈ F 3 under the action ̺.
Hence the set of vectors (α, β, γ) with γ = 0 form an single orbit with orbit representative (0, 0, 1).
Next, if γ = 0, but β = 0, then
with
We claim that (0, β 1 , 0) and (0, Hence, up to isomorphism, the possible restricted Lie algebra structures on L are as follows:
where β ∈ F * . Further L 6.2. Fields of characteristic 3. In this case we have
If ϕ is a [3] -map then, as in the general case, ϕ is represented by a vector (α, β, γ) where
Let us compute the vector (α ′ , β ′ , γ ′ ) that determines AϕA −1 with A ∈ Aut(L): . Thus in matrix form we obtain that the right action ̺ on the set of [3] -maps can be written as It remains to describe the orbits of the [p]-maps that are represented by the vectors of the form (α, β, 0) with β = 0. For β ∈ F * , let K β denote the set {βx 3 + x | x ∈ F}. Then K β is an F 3 -subspace, but it depends on F and on β. For instance if F is finite and βx 3 + x has a solution other than 0, then it has codimension 1, otherwise K β = F. 11 a 12 ). Therefore β 2 /β 1 α 2 ± α 1 ∈ K β 1 , as claimed.
Conversely, suppose that α 2 β 2 /β 1 + α 1 ∈ K β 1 or α 2 β 2 /β 1 − α 1 ∈ K β 1 . Choose δ ∈ F such that, in the latter case, β 2 /β 1 α 2 − α 1 = β 1 δ 3 + δ, while − β 2 /β 1 α 2 − α 1 = β 1 δ 3 + δ in the former. Then apply the automorphism where α ∈ F and β ∈ F * . Furthermore, K is a square and α 2 β 2 /β 1 + α 1 ∈ K β 1 or α 2 β 2 /β 1 − α 1 ∈ K β 1 . The arguments in the section show that these algebras are pairwise non-isomorphic.
6.3. Characteristic 2. As noted at the beginning of the section, in characteristic 2 the Lie algebra is not restrictable.
